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Abstract— The Expectation-Maximization (EM) algorithm is
used to estimate the maximum likelihood parameters of a
statistical model iteratively. The EM algorithm is applicable
when the given data set is incomplete, i.e., the data has two
parts: the observed variable (known) and the latent variable.
Latent (hidden) variables are not directly observed but inferred
from observed variables using some mathematical model. Before
using the EM algorithm, we need to understand observed
variables, latent variables, likelihood, and Jensen’s inequalities.
This review presents the basic theory of the mathematical
models used to implement the EM algorithm, the algorithm’s
operational steps with explanations, and numerical examples to
provide a clear understanding.

Index Terms—Likelihood function, Jensen’s inequalities,
latent variables, biasing probability, and E-step.

I. INTRODUCTION

he Expectation—-Maximization (EM) algorithm is a

widely used iterative method for estimating the
parameters of statistical models when the observed data are
incomplete or when the model contains latent (hidden)
variables. In many real-world problems, not all variables of
interest are directly observable; instead, some variables
remain hidden and must be inferred from the available
observations. Under such conditions, direct maximization of
the likelihood function becomes difficult, and the EM
algorithm provides an effective framework by iteratively
alternating between two steps: the Expectation step (E-step),
which estimates the hidden variables or their expected
sufficient statistics using the current parameter values, and
the Maximization step (M-step), which updates the model
parameters by maximizing the expected log-likelihood.
Because of this ability to handle incomplete-data estimation
problems, EM has become a fundamental tool in statistics,
machine learning, signal processing, wireless
communications, reliability analysis, image processing, and
Bayesian inference.

The formal foundation of the EM algorithm was
established by Dempster, Laird, and Rubin [16], who
introduced it as a general maximum-likelihood estimation
framework for incomplete data and proved its monotonic
likelihood-improvement property. Since then, EM has been
used in a broad range of applications, including process
identification [1], large-scale parameter estimation [2, 20],
target localization in wireless sensor networks [3], audio
source separation [4], Gaussian mixture modeling for large
datasets [5], reliability analysis with censored data [6, 21],
hyperspectral image classification [7], radar target clustering
[8], wireless channel estimation [9], Wi-Fi power-saving
optimization [10], logistic regression with aggregated

responses [23], and genome-wide association studies [24].
These works demonstrate both the theoretical importance and
practical flexibility of EM across diverse data-driven
problems.

Although the EM algorithm is widely used, many
existing studies emphasize either specialized applications or
advanced theoretical developments, which can make it
difficult for new readers to build an intuitive understanding of
how the algorithm is derived and implemented in practice. In
particular, a clear connection between Jensen’s inequality,
likelihood and log-likelihood formulation, lower-bound
construction, and the operational meaning of the E-step and
M-step is often missing in a single self-contained exposition.
This gap motivates the present review.

The main contribution of this paper is therefore to
provide a tutorial-oriented and self-contained review of the
EM algorithm that bridges mathematical foundation and
practical implementation. Specifically, the paper:

e Reviews the fundamental concepts required to
understand EM, including observed variables, latent
variables, likelihood, log-likelihood, and Jensen’s
inequality;

e Derives the lower bound of the log-likelihood and
explains its role in the EM procedure;

e Presents the E-step and M-step in a step-by-step
manner with intuitive explanations rather than only
abstract pseudocode;

e [llustrates the operation of the algorithm using
explicit numerical examples, including multinomial
and coin-tossing examples; and

e Consolidates representative EM applications and
recent developments from the literature to provide
readers with both conceptual understanding and
practical context.

By integrating theoretical background, derivation,
algorithmic interpretation, and worked examples in a single
discussion, this paper aims to serve as an accessible reference
for students, researchers, and practitioners interested in
understanding the EM algorithm from first principles and
applying it to incomplete-data estimation problems.

II. RELATED WORK

A.  Related studies

The Expectation—Maximization (EM) algorithm has been
extensively studied in both theoretical and application-
oriented contexts. A review of EM in data-driven process
identification was presented by Sammaknejad et al. [1],



where the authors discussed the usefulness of EM in
parameter estimation under incomplete information. Since the
computational efficiency of standard EM deteriorates for
large datasets, Verma et al. [2] proposed several acceleration
strategies, including grid-based sampling, adaptive estimation
based on previous errors, and parallel implementation. In the
context of wireless sensor networks, Qian et al. [3] applied a
variational EM framework for multi-target localization using
superimposed received signal strength, where the unknown
target positions were modeled as latent variables and
iteratively updated.

In signal-processing applications, Sawada et al. [4]
investigated the use of EM and multiplicative-update
algorithms for optimizing Full-Rank Spatial Covariance
Analysis in audio source separation and showed that EM
provides better separation performance at convergence. To
address the large-scale data limitation of conventional EM,
Przyborowski and Slezak [5] proposed an approximate EM
approach for Gaussian Mixture Models by partitioning large
datasets and merging local parameter estimates. A stochastic
variant of EM was introduced by Wu et al. [6] for reliability
analysis of progressively censored mixture Weibull data,
where the method was combined with stochastic estimation to
handle censored observations. In image analysis, Zhuang et
al. [7] developed an improved EM-based Gaussian Mixture
Model for hyperspectral image classification and
demonstrated promising performance even with a limited
number of training samples.

The application of EM has also been extended to radar
and wireless communication systems. Yan et al. [8] proposed
an EM-based algorithm for unsupervised clustering of
measurements from a radar sensor network, where the latent-
variable structure was used to associate received
measurements with multiple moving targets. In wireless
communication, Wang et al. [9] applied EM to uplink
channel estimation under fading conditions in high-speed
railway systems and reported improved estimation accuracy.
In Wi-Fi networking, Ron and Lee [10] used EM to estimate
traffic-distribution parameters for enhancing the Notice of
Absence power-saving mode in Wi-Fi Direct, showing
improved trade-offs between energy consumption and
transmission delay.

From a theoretical perspective, the derivation of EM is
closely related to Jensen’s inequality and likelihood
maximization. Abramovich et al. [11] presented sharpened
forms of Jensen’s inequality using majorization theory, while
Nisar et al. [12] proposed improved bounds for integral
Jensen’s inequality through higher-order differentiable
convex functions. Although these studies are not directly
focused on EM, they are relevant to the mathematical
foundation of the lower-bound formulation used in the
algorithm. Related likelihood-based estimation studies also
appear in the broader statistical literature. For example, da
Silva et al. [13] investigated bias reduction in modified
maximum-likelihood estimation for a three-parameter
Weibull distribution, and Van Lierop et al. [14] reviewed log-
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likelihood ratio cost functions in forensic science. Similarly,
Gemeay and Abd El-Bar [15] studied bias reduction in
maximum-likelihood estimation for the unit odd Lindley half-
logistic model. These works are relevant because EM is
fundamentally rooted in maximum-likelihood estimation for
incomplete-data problems.

The formal foundation of the EM algorithm was
established by Dempster, Laird, and Rubin [16], who
introduced EM as a general framework for maximum-
likelihood estimation from incomplete data and proved its
monotonic  convergence property. Building on this
foundation, Hua-Yan et al. [17] combined EM with K-means
clustering to accelerate missing-data imputation. A broader
textbook-style treatment of EM and related statistical models
was provided by Watanabe and Yamaguchi [18], which has
been useful for understanding the algorithm from a
pedagogical perspective. Neal and Hinton [19] later gave a
variational interpretation of EM by showing that the E-step
and M-step can be viewed as coordinate-ascent updates on a
lower-bound objective function, an interpretation that
strongly influenced later generalized EM formulations.

Further efforts to improve the efficiency and
applicability of EM can be found in large-scale data and
reliability applications. Thiesson et al. [20] investigated
methods for accelerating EM in large databases, while Silva
et al. [21] applied EM to reliability estimation with censored
industrial data. More recently, Caprio and Johansen [22]
established fast convergence guarantees for EM under
logarithmic Sobolev conditions, providing new theoretical
insight into its convergence behavior. The adaptability of EM
to different statistical models has also been demonstrated by
Xu [23], who proposed an EM algorithm for logistic
regression with individual-level predictors and aggregate-
level responses. In high-dimensional statistical inference,
Zhang et al. [24] introduced an improved EM-based Bayesian
algorithm for genome-wide association studies. Finally, Ritz
et al. [25] explored evolutionary maximum-likelihood
estimation for discrete latent-variable models, offering an
alternative optimization strategy when the M-step becomes
analytically difficult.

B.  Limitations of Existing Works

Overall, the existing literature demonstrates that the EM
algorithm is both theoretically important and practically
versatile, with applications spanning process identification,
signal  processing, image  classification,  wireless
communications, reliability analysis, and high-dimensional
statistical inference. However, much of the available work is
either highly application-specific or mathematically
advanced, making it difficult for new readers to connect the
theoretical derivation of EM with its practical
implementation. Therefore, a tutorial-style review that
integrates the mathematical basis of EM, its lower-bound
interpretation, step-by-step algorithmic procedure, and
representative applications remains valuable.
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III. BASIC THEORY

A. Jensen’s inequalities

The ‘Jensen’s inequalities’ is mathematical model found in
[11]-[12], which is used in EM algorithm. It provides two
inequalities regarding concave and convex curves. For a

x1+x2) < Flx)+f(x2) like

2 2

convex function f we can write, f (
. . +
fig.1 (a); again, for a concave function, f (%) >

w shown in fig.1 (b).
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Fig. 1. Geometry of convex and concave curves

For convex function, flawxi+ ooxz2) < aifixi)+ axf(x2);
where a;tax=1,0;>0and a; >0.

In generalize form, f( a;x;) <Y a;f(x;), where
> a; = land ;> 0.

Similarly, for concave function, f(¥ a;x;) = X a;f (x;),
where Y, @; = land ;> 0.

Since log is a concave function, therefore, log(}: a;x;) =
Y a;log(x;), where  @; = land ;> 0.

B. Basic of the likelihood function

Consider a biased coin is tossed n times and we expect to get
heads k times. If the biasing of the coin to the head i.e.,
probability of appearing head is € (unknown parameter), then
the likelihood of getting & heads from the n tosses is found
from Binomial pdf,

L(OIn k) = (Z) x 6% x (1 — §)"k (1)
Taking, n = 10, k = 6, we get the pdf like fig.2 (a) and for
k = 8 pdf is shown in fig. 2(b).
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Fig. 2. The likelihood of Binomial pdf

The likelihood is found to be maximum 0.25 at § = 0.6 for
k = 6, and at 8 = 0.8 for k = 8, the value of the likelihood is
0.3. The data samples at k = 6 and k = 8 are made most
likely at 8 = 0.6 and 6 = 0.8, respectively. The logarithm of
the likelihood function is called the log-likelihood function,
and the plot of the log-likelihood function of the above cases
is shown in fig.3.
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Fig. 3. The log-likelihood of Binomial pdf

For the independent random variables, the joint pdf is the
product of the individual random variables expressed as,

f(x;60) =1z fi(xi;6) (2)
In this case, it is convenient to take the natural logarithm of
the above likelihood function to convert the multiplication to
addition.

C. Log-likelihood in EM

Now, consider a latent (hidden or missing or
uncovered) variable z and a visible or observed variable x.
Let q(z) be the distribution of latent variable z, where both z
and q(z) are unknown. From the definition of marginal
probability,

p(x;10) =Y, p(x;,2z;|0), where 6 is an unknown
parameter that parameterizes the joint probability.

The log-likelihood [13]-[15],

L(q,0) = logp (x;|0) = log Z p(x;,z;|6)
VA

Taking, @; = q(z;),

(XL zi|6)
= log 5 q(z) 2220

Zl|9)

> 5,9(2) log "2 = 1/(q,0),

3)
where L' (g, 8) is the lower bound of log-likelihood L(gq, 6).
Again, we can express the lower bound L'(g, #) in a different

way like,
, p(xi,20)
1'(q.6) = zq(zoz R

" pCalx, Op(l6)
Z a(z) log ==

= Zzl a(z) {log P22 1 log p (x,16)]}
,9
z q(z) log p(z'l plailx9) | Z q(z) log p (x:16)

Zq(zl)log oz (I ) )+logp(x1|9)2q(zl
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————+logp (x;10)
ll L6y Hlegp (x

== ZZ[ (z) log (q(Zl) +L(q,0)

q(z)
p(z|x;, 0)

For an estlmated value model parameter ¢ at time instant ¢,
put q(z]) p(Z] |x;, 6 ),

= 1(q.0%) = £,,q(z) log X453 + 14,69 = 0 +
L'(q,6°) =L'(q,0 4)

Therefore, log likelihood L(q,0)and its lower bound
L' (q, 8) touches at a known estimated value ¢ as shown in fig.4.

= L(q,0) = Z q(z) log ————+L'(q,0)
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(c) After second maximization step

Fig. 4. Graphical representation of likelihood and its lower bound

D. The lower bound of log-likelihood and its expected value

Putting q(z;) = p(z;|x;, 8%) in the inequality of (1), the
lower bound of log-likelihood is found as,
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p(x;,z;16)
lo Z (z,|x;, 0) 22w 2070
g - Pl p(z;|x;, 6%)

p(x;, 2;|6)

Zp(zllxu t)lo ﬁ

I. I.‘
( 13 lle) !
Eojegot |08 —;’(;‘ilxbet)] —U@ =@

The EM algorithm consist of two steps: (a) expected
step and (b) maximization steps. The lower bound L'(g, 0) is
related to expected value of log-likelihood function. The
expected step of the algorithm is nothing but calculation of
lower boundL’(g,0). The maximization step is related to
finding the model parameter 6% at time instant ¢ from the
maxima of L' (q, ).

Lemma-1:

If the visible variables are xi, x2, X3, ..., xy and latent
variables are zi, z, z3, ..., zir then considering summation of
observed variable x; on log-likelihood derive the lower
bound,

M. E[logp (x;,216)] + X, H(q), and
L'(q,0) =E[logp (xi,zli|9)] + H(q;); where the entropy,
H(q) =%, 4(z) log @)

Ans.
The log-likelihood,

1(q,0) = ilogz PG 2il9)
Z log Z q(z;) log p(xl,z:)|9)
Z S q@og P Zl‘)'g)

i=1 z;

Q(q,0)

where Q(q, 8)is the lower bound of I(q, 6).

Now,

p(xuzllé')
0(9,0) = ZZq(zl)l s

=3I, £, q(2) {log p (xi,2,16) + log )

= 0(q.6) = ZZ a(z) log p (x,,16)

i=1

+ ZZ q(z;) log

= Q(q,60) = X1 X7, 9(z) log p (x;, z16) + XX, H(q);
Where the entropy, H(q) = X, q(zj) log ﬁ
J

=Q(q,0) = E[log p (x;,2;10)] + XL, H(q), (1)

where the expectation is, E[log p (x;,2;|0)] =
YM1q(z) log p (x;,216)and the second term of Q(q, 6) is
independent of 6. Elimination the summation over i we get
the lower bound as,

L'(q,0) = E[logp (x;,216)] + H(q)) (2)

, which is a function of 8 and ¢. The first term is
independent of ¢ and the second term is independent of 6.

Lemma-2:

Derive the relation, L'(q,8) = E;[Log — likelihood] +
H; where H is the entropy of q(z;).
Ans.

The lower bound of likelihood function,

p(x;, 216)

L(q,0) = Z a(z) log = 3

_ 1
=% {4(2) log p(xi,2,16) +4(2)) log =}

=22q(z;) log p(x;,2;|0)+X 7 q(z;) log prons

In above expression the first part is the expected value of log-
likelihood, and the second part is the entropy H of q(2).
Therefore,

L'(q,0) = Ez[Log — likelihood] + H

IV. EM ALGORITHM

The EM algorithm was first introduced in [16]. This
section provides the algorithm in several steps not like the
pseudo code form, where the few steps may contain repeating
works but it is done to make the readers to perceive it
conveniently. The EM algorithm operates in two steps:
expectation Step or E-step and Maximization Step or M-step.
The details of both steps is found in [17-21].

Initial parameters: select initial model parameter 6*

Step-1

Derive the expression of the lower bound L'(q, 8) using
the model parameter 8¢ known as the expectation step. The
initial model parameter 8¢ is the touching point of L'(q, 8)
and L(q, 9).

Step-2
Determine the maxima of L'(q, 8) using gL’ (q.6) =0,

the parameter  corresponding to the maxima is 8¢+ is the
updated version of 8¢, which is known as the maximization
step shown in fig.4(a).

Step-3



Reconstruct L'(q, ) as the expectation step, considering
as the touching point as shown in fig. 4(b). The new
value of & = 8% is now closer to the peak of L(q, 8).

0t+1

Step-4

Determine corresponding to maxima of L'(q,8)
then reconstruct L'(q,8) (as the expectation step) such that
log-likelihood and lower bound touches at 82 as shown in
fig.4(b). The new value of 8 = 8*2 is now closer to the peak
of L(q, 6) compare to previous step.

Step-5

Reconstruct L'(g, 0) as the expectation step, considering
as the touching point as shown in fig. 4(c). The new

value of & = 62 is now closer to the peak of L(q, 8).

Step-6
Determine 8¢*3 corresponding to maxima of L'(q, ) as
shown in fig.4(c).

Step-7

Determine, 8t+*, 8t%5,0¢%6 __ based on alternate E-step
and M-step.

6t+2

0t+2

To determine the convergence of the algorithm, continue
iteration till, |9tk — t*k+1| < ¢ ie. peaks of both L'(q,8)
and L' (g, 6) converge.

The complete flowchart of the EM is shown in fig. 5.

\ Start ‘

I

‘ Input: Incomplete Data ’

l

Formulate Likelihood Function

E-step: Compute Expected X
Log-Likelithood
’ M-step: Maximize Parameters ’

l

‘ Update Parameter Estimates ‘

Convergence
2

iljy

’ Final Parameter Estimates ’

l

| End ‘

Fig. 5. Basic flowchart of EM algorithm

A. The explanation of E-step and M-step of EM algorithm
from the lower bound L' (q, 0)
Expectation step:
a) E-step of the EM algorithm, the lower bound L'(6, g)
is maximized w.r.t. ¢ (the distribution of hidden or
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latent variable z) and 0 is kept fixed. In this step, we
have to select a ¢ = ¢g"*" that maximizes L'(0, q). We
can write, "¢ = argmaxL'(6°%,q)

q

b) Another explanation of the E-step is, at (++1) th step,
we assume the unknown variable 6(¢) of the previous
step is available. Compute the expected value

Ellog p (x;,z:16(t))] of L' (g, 6).
Maximization step:

In the M-step, the lower  bound L'(q,0) =
Ellogp (x;,7z;|6)] + H(q;) is maximized w.r.t. 6and g is
kept fixed. We have to select 6"V which maximizes L'(6, g),

using % L'(q,0(t)) = 0. We can write,

6™ = argmaxlL'(6,q™")
)

V. NUMERICAL EXAMPLE

A. Example 1
Consider n animals are distributed into four categories,

following a multinomial pdf with probabilities: p; = %+ ¢

45
p, = %, D3 = %, and p, = % The observed number of

four categories is: xq, X5, x3, and x,; therefore, x; + x, +
x3 + x, = n. The samples of the observed variable, X = (x;,
Xy, X3, X4) has the likelihood,

n! O\t /1 —6\*2 /1 —06\"3 /0
PAPATAEN (+3) ) ) @)
The log-likelihood,

In(L(x:6) = 1(x:0)
=lIn (n_’) + x;ln (1 + 9) + x,ln (1 _ 0)
X1y xglxy! 2 4 4

1-6 0
+x3ln< 2 )+x4ln(z>

1 6
=C+xin (E + Z) + (x; + x3)In(1 — 6) + x,In(6)

X4

L(x:0) =

Consider the samples of the complete data variable,
Y = (V11,Y12, X2, X3, X4) 1.€. X 18 split into two parts: y;4
and y;, has the probabilities:

1-6 1-

_ _ ] _ 0
=P = ,and p, = -

_1 _ 0
P11 =735,P12 = 3, P2 2

Someone can think that the first sample x; has few goats
(¥11) and few rams (y;,), but they were visualized in the
combined form of a small animal.

The log-likelihood,
In(L(y: 0) = I(y: 9)
=C +y,,ln(0) + (x; + x3)In(1 — 6) + x,In(6)

Here, the probability of y,; is independent of 8 but
Y, depends on 8 considered as the latent variable.

Now,
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P(y12 N Y11 + Y12)

P(y11 + ¥12)
P(y12) 0/4

T PO + PO L
11) + P(y12) 7+9/4

P(yi2ly11 +¥12,0) =

, since of y;; and y;, are independent.
The conditional PDF of y;; + y,, follows a Binomial
distribution,

_ 0/4
f(y121x,0) =B (3’11 + Y12, _1/2+9/4)

Therefore, the mean value of the latent variable, E[y,,] =

0/4
(11 + Y12)-m

E-Step:

Q(el Hold) = E[l(@, X, Y) |X' Hold]
= C + E[y,2In(0) X, 0514] + (x;
+ x3)In(1 — 60) + x,In(6)

=C+(y, + }’12)-L‘i/41n(9) + (x;
1/2 4 6,4/4

+ x3)In(1 — 0) + x,In(6)

M-step:
dQ(8;0,14) _ 11+ y12) Oo1a/% X2 + X3 Xa
do 6 "1/246,4/4 1-6 6
=0
Solving,
0,1q/%
xg+ (11 + hz)%
Onew = Oo1a/4

X+ x5+ x+ O+ v 7751973

Now, apply iteration on the above E-steps and M-step.

B. Example-2

Consider two biased coins A and B, where the biasing of A to
the head (probability of getting a head) is 8,and that of B is
0. We will determine 6, and 6z from several experiments
of coin tossing. Consider coin A is selected 3 times and B is
chosen 2 times for the experiment of tossing. A coin is tossed
10 times under each experiment, and the corresponding
results are shown in Table 1.

TABLE I: COIN TOSSING EXPERIMENT WITH KNOWN PARAMETERS

7
Number of Head 27
Now, 8, = = = 0.6 and 05 =
Number toss 18+2
Number of Head _ 15 0.5
Number toss 15+15 !

Now, consider the situation that, results are known, but which
coin is selected is unknown to us. Now, consider under each
experiment a coin is tossed 15 times and the tabular results
are shown in Table II.

TABLE II: COIN TOSSING EXPERIMENT WITH UNKNOWN COIN

NUMBER OF
COIN SELECTED RESULTS HEAD
? HHTTHHHTTHHHTHH 10
? HHTHHTHHHHTHHHH 12
? HTTTHTTTHHHTTHH 7
? HHTTTTTTHTTHTTH 5
? HHHTTTHHHTTHTTH 8
SUM

Com RESULTS COoIN A ColN B
SELECTED
B HHTTHHHTTHHHTHH 10H, 5T
A HHTHHTHHHHTHHHH 12H, 3T
A HTTTHTTTHHHTTHH 7H, 8T
B HHTTTTTTHTTHTTH 5H, 10T
A HHHTTTHHHTTHTTH 8H,7T
27H, 15H,
SUM 18T 15T

In this case, the bias of each coin to the head can be
determined using EM algorithm. First of all, we have to

select some initial random probability 0}0) = 0.6 and 0;0) =
0.5, which will be updated using EM algorithm consists of
two steps: E-step and M-step under each iteration.

E-step

For the first experiment,

P(HHTTHHHTTHHHTHH |Coin A)

= (Z) x 0% x (1 —0,)"k, n is the number of head and & is

number of tail

— 15 10 5 _
= (10) x 0.410 x 0.65 = 0.0245

P(HHTTHHHTTHHHTHH |Coin B)

= (Z) x 0k x (1 — 85)"k

— 15 10 5 _
= (10) x 0.510 x 0.55 = 0.0916

Now the probability of biasness of coin A under this
experiment E is,

0.0245
0.0916 + 0.0245

Now the probability of biasness of coin B under this
experiment E is,

P(Coin A|E) = =0.2108

0.0916
0.0916 + 0.0245

For the coin A, the expected value of head is 0.2108*10H =
2.1085H and that of tail is 0.2108*5T =1.0542T.

P(Coin B|E) = =0.7892

For the coin B, the expected value of head is 0.7892 x10H =
7.892H H and that of tail is 0.7892 x5T =3.9458T.




For the second experiment,

P(HHTHHTHHHHTHHHH |Coin A)

= (Z) x 0% x (1 — g,k

- (190) x 0.41% x 0.63 = 0.0016

P(HHTHHTHHHHTHHHH|Coin B)

= (Z) X 0 x (1 — 0,)"k

- (190) x 0.5 x 0.53 = 0.0139

Now the probability of biasness of coin A under this
experiment E is,

0.0016
0.0016 + 0.0139

Now the probability of biasness of coin B under this
experiment E is,

P(Coin A|E) = =0.1061

0.0139
0.0016 + 0.0139

For the coin A, the expected value of head is 0.1061 X12H =
1.2737H and that of tail is 0.1061 x3T =0.3184T.

P(Coin B|E) = = 0.8939

For the coin B, the expected value of head is 0.8939 x12H =
10.7263T and that of tail is 0.8939 X3T = 2.6816T.

Doing the similar job for the rest of the other three
experiments and the results are shown in Table III. Here,
P(X]Y) is conditional probability of coin X given Y and E(X)
is expected value of Coin X.

TABLE III: RESULTS OF EXPERIMENT

CoIN RESULTS P(AE) P(BIE) E(A) E(B)
2.1085H 7.8915H
9 > >
? HHTTHHHT| 0.2108 0.7892 1.0542T 3 0458T
1.2737H 10.7263T
9 >
? HHTHHTHH] 0.1061 0.8939 0.3184T 2.6816T
HTTTHTT
3.3192H 3.6808H
9 > >
? THHgTTH 0.4742 0.5258 370337 4.2067T
HHTTTTT
3.3492H 1.6508H
9 > >
? THTII;HTT 0.6698 0.3302 6.6985T 33015T
HHHTTTH
3.0036H 4.9964H
9 > >
? HHTII{“HTT 0.3755 0.6245 2 62827 43718T
13.0542H, 28.9458H
SUM 14.4926T ’
) 18.5074T

The probability, P(Coin A|E;) and P(Coin B|E;), for five
experiments i =1, 2, 3, 4, 5 are evaluated in E-step.

Journal of Electronics and Computer Science

M-step
Determine the sum of expected value of head and tail of both
coins.

Update the biasing probability,

13.0542
13.0542+14.4926

28.9458

oD —
A 28.9458+18.507

=0.4739; 65" = =0.61

Using the biasing probability of first iteration as the input,
evaluate 052) and 0}2). Continue the process until |9f§i) -
0£i+1)| < ¢ and |HE(,0 - 0S+1)| < ¢. For example, after 12
iterations no significant change in probability is found and

the result is, 6{'” =0.4536 and 65" = 0.6776. The
variation of biasing angle against the number of iterations is
shown in fig.6.

0.7

|
~'B‘

06| o P—CoinA| |
. *=gF++Coin B

0.55

085

Theta

05

0.45 &&&b&h‘
[}

2 4 6 8 10 12
Number of iteration

Vv

Fig. 6. Variation of biasing angle

C. Explanation of numerical example from EM algorithm

In E-step the algorithm determines the expected value of
hidden variables (expected value of head and tail of coin A
and B) using observed data (sequence of H and T of all

experiments) and current value of parameters: 8 ji) and Glgi).

In M-step the model parameters Hji) and 95(;0 are
updated as: HSH) and Hgﬂ) with the condition of
maximizing likelihood (or lower bound of likelihood) of the

expected data found in E-step. The entire operation of EM is
shown in fig.7

ﬁ e Q

M-step

( w_ 13054
4 7 13,054 + 14.492

® 28,9458
Gl s ———
5~ 280458 + 18.507

= 0474

= 0.61

&

Fig. 7. Cycle of EM algorithm
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The complete algorithm of coin tossing experiment is
shown in Appendix.

V1. CONCLUSIONS

In this paper, a theoretical analysis of the EM algorithm
with a simple numerical example is shown explicitly. In
practical life EM algorithm is used to determine some
unknown parameters of the incomplete data set. The hidden
variables are determined from EM algorithm then is applied
in other MLs like GMM and HMM (Hidden Markov Model)
for data classification. In the future a composite model of
EM+GMM or EM+HMM will be applied in the classification
of tabular data or image set.

APPENDIX

Algorithm of Coin Tossing Experiment

Initialization: n - Size of Head-Tail sequence
K - Number of experiments
N - The number of iterations

Output: 0,y and Oy %Updated theta
fors—I:K

Read k(s) %*The number of heads of sth head-tail sequence
end
for je—1:N, %Number of iteration

fori=1:K, %Number of experiment

H=k(i); T=n-k(i);

%Coin A

if count==1

theta_a=0.4; % initial value

else

theta_a=u_theta_a; %updated value
end

y.a :(k?i)) *(theta_a™k(i)) *((1-theta_a)(n-k(i)));

%Coin B

if count==1

theta_b=0.5; % initial value

else

theta_b=u_theta b; %updated value
end

yoo=( k?l.)) *(theta_b™k(i))*((1-theta_b)n-k(i)));
P con a=y a/(y aty b)

P con b=y b/(y aty b);

H a(i)=H* P_con_a;

T a(i))=T*P con_a;

H b(i)=H* P _con_b;

T b@i)=T* P_con_b;

end
6.()=sum(H_a)/(sum(H_a)+sum(T_a)); %Updated theta
Ov(j)==sum(H_b)/(sum(H_b)+sum(T b)),
count=count+1;

end.
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